Abstract. The vertex-edge Wiener index of a simple connected graph G is defined as the sum of distances between vertices and edges of G. The vertex-edge Wiener polynomial of G is a generating function whose first derivative is a q−analog of the vertex-edge Wiener index. Two possible distances D 1 (u, e|G) and D 2 (u, e|G) between a vertex u and an edge e of G can be considered and corresponding to them, the first and second vertex-edge Wiener indices of G, and the first and second vertex-edge Wiener polynomials of G are introduced. In this paper, we study the behavior of these indices and polynomials under the join and corona product of graphs. Results are applied for some classes of graphs such as suspensions, bottlenecks, and thorny graphs.
Introduction
Throughout the paper, our graphs are considered to be finite, simple, and connected.
In theoretical chemistry, the physico-chemical properties of chemical compounds are often modeled by means of molecular-graph-based structure-descriptors, which are also referred to as topological indices [15, 25] . The vertex version of the Wiener index is the first reported distance-based topological index which was introduced in 1947 by Wiener [26, 27] , who used it for modeling the shape of organic molecules and for calculating several of their physicochemical properties. The Wiener index W (G) of a graph G is defined as
The first and second vertex-edge Wiener polynomials [1] of G are denoted by W ve 1 
(G; q)
and W ve 2 (G; q), respectively and defined in terms of a parameter q as W ve i (G; q) = u∈V (G) e∈E (G) q D i (u,e|G ) , i ∈ {1, 2}.
The first derivative of these polynomials at q = 1 are equal to their corresponding vertex-edge
Wiener indices, i.e., W ′ ve i (G; 1) = W ve i (G) , i ∈ {1, 2}.
In [2, 5] , some mathematical properties of these new indices and polynomials were investigated and in [6] , the vertex-edge Wiener indices of some chemical graphs were computed.
In this paper, we are interested in the type of relationship that exists between the vertex-edge
Wiener indices and polynomials of the join and corona product of graphs and their components. Then, we apply our results to compute these indices and polynomials for some classes of graphs by specializing the components in joins and coronas.
Main results
In this section, we study the behavior of the vertex-edge Wiener polynomials and their related indices under the join and corona product of graphs.
In what follows, for a given graph G we denote by N G (u) the neighborhood of a vertex u in G, i.e., the set of all vertices of G adjacent with u. The cardinality of N G (u) is called the degree of u in G and is denoted by deg G (u). One can easily see that,
where ∆(G) is the number of all triangles in G.
We denote by M 1 (G), the first Zagreb index of G which was introduced by Gutman and
Trinajstić [16] in 1972, as
Join
The join
. . . ,V (G n ) and edge sets E (G 1 ),E (G 2 ),. . . , E (G n ) is a graph with the vertex set
All distinct vertices of G 1 +G 2 + · · · +G n are either at distance 1 or 2. The vertices at distance 2 are precisely those of G i that are not adjacent in G i , for 1 ≤ i ≤ n. 
Proof. By definition of the join, the polynomial W ve r (G; q), r ∈ {1, 2}, can be obtained by adding four polynomials as follows:
Now, we proceed to evaluate each polynomial, separately. So, we consider the following four cases:
Hence,
and
Case 2. Let u ∈ V (G i ) and e ∈ E (G j ), where
So, for r ∈ {1, 2},
Now, the formulas of the theorem follow by adding the above four polynomials and simplifying the resulting expression.
As a direct consequence of Theorem 2.1, we can compute the vertex-edge Wiener indices of the join of graphs.
Using Theorem 2.1 and Corollary 2.2, the formulas for vertex-edge Wiener polynomials and indices of the join of two graphs are easily computed.
Corollary 2.3. Let G 1 and G 2 be graphs with |V (G
Corollary 2.4. Let G 1 and G 2 be graphs with
It is interesting to note that, the formulas of Theorem 2.1 and Corollaries 2.2, 2.3, and 2.4 do not depend on the connectivity of the primary graphs. This allows us to compute the vertex-edge Wiener polynomials and indices of the join of graphs that are not themselves connected.
Corona
The corona product G • H of graphs G and H is a graph obtained by taking one copy of G and |V (G)| = n copies of H , and joining the i −th vertex of G to every vertex in i −th copy of H for i = 1, 2, . . . , n. The i −th copy of H and i −th element of G will be denoted by H i and w i , 1 ≤ i ≤ n, respectively. So, we can consider the vertex set of the graph G as V (G) = {w 1 , w 2 , . . . , w n } and the vertex and edge sets of the graph G • H as
Theorem 2.5. Let G and H be graphs with
Proof. By definition of the corona product, the polynomial W ve r (G • H ; q), r ∈ {1, 2}, can be obtained by adding eight polynomials as follows:
We proceed to evaluate each polynomial, separately. So, we consider the following eight cases:
Case 2. Let u ∈ V (G) and e ∈ E (H
Case 3. Let u ∈ V (G) and e = w i v, where v ∈ V (H
Case 4. Let u ∈ V (H i ) and e ∈ E (G), where 1
Case 5. Let u ∈ V (H i ) and e ∈ E (H
and n
Case 6. Let u ∈ V (H i ) and e ∈ E (H j ), where
Now, the formulas of the theorem follow by adding the above eight polynomials and simplifying the resulting expression.
As a direct consequence of Theorem 2.5, we obtain the following corollary.
Corollary 2.6. Let G and H be graphs with |V
Again, it is interesting to note that, the formulas of Theorem 2.5 and Corollary 2.6 do not include any invariants of H that depend on its connectivity. So, it is possible to apply Theorem 2.5 and Corollary 2.6 to the corona products G • H with disconnected H . Such cases arise in transitions from kenographs to plerographs, where H is given as an empty graph, i.e., asK n for some positive integer n.
Examples
In this section, we present explicit formulas for computing the vertex-edge Wiener polynomials and their related indices for some classes of graphs by specializing components in joins and coronas.
For a given graph G, the graph 
Star graph S n+1 on n + 1 vertices is the suspension of empty graph on n verticesK n . Fan graph F n+1 and wheel graph W n+1 on n + 1 vertices are also the suspension of n−vertex path P n and n−vertex cycle C n , respectively. So, by the above formulas, the vertex-edge Wiener polynomials and indices of these graphs are obtained, at once.
Corollary 3.2. For n ≥ 3,
Corollary 3.3. For n ≥ 2,
Corollary 3.4. For n ≥ 4,
The windmill graph D , and
Now, we turn our attention toward coronas. Coronas sometimes appear in chemical literature as plerographs of the usual hydrogen-suppressed molecular graphs known as kenographs.
Interesting classes of graphs can be obtained by specializing the components in the corona product. For a given graph G, the graph K 2 • G is called the bottleneck graph of G. Using Theorem 2.5 and Corollary 2.6, we obtain the following results. Corollary 3.7. Let G be a graph of order n and size e. Then
In particular, we can obtain the formulas for the bottleneck graph of P n .
Corollary 3.8. For n ≥ 2,
For a given graph G, the graph G •K t is called the t-thorny graph of G [21] . Using Theorem 2.5 and Corollary 2.6, we can obtain the vertex-edge Wiener polynomials and indices for t −thorny graphs.
Corollary 3.9. Let G be a graph of order n and size e. Then
We use known results for the vertex Wiener index and polynomial of paths and cycles [24] , our results for their vertex-edge Wiener indices and polynomials [1] , and Corollary 3.9 to obtain the formulas for the t −thorny path P n •K t and t −thorny cycle C n •K t .
Corollary 3.10. For n ≥ 1, 
Conclusions
In this paper, we study the behavior of vertex-edge Wiener polynomials and indices under the join and corona product of graphs, and compute them for some classes of graphs such as suspensions, bottlenecks, and thorny graphs. Nevertheless, there are still many classes of chemically interesting and relevant graphs not covered by our approach. It would be interesting to find closed formulas for the vertex-edge Wiener indices of various classes of chemical graphs and nanostructures. In order to achieve that goal, further research into mathematical properties of the vertex-edge Wiener polynomials under other graph operations such as the Cartesian product and rooted product will be necessary.
